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In a Bell experiment two parties share a quantum state and perform local measurements on
their subsystems separately, and the statistics of the measurement outcomes are recorded as a Bell
correlation. For any Bell correlation, it turns out that a quantum state with minimal size that
is able to produce this correlation can always be pure. In this work, we first exhibit two device-
independent characterizations for the pure state that Alice and Bob share using only the correlation
data. Specifically, we give two conditions that the Schmidt coefficients must satisfy, which can be
tight, and have various applications in quantum tasks. First, one of the characterizations allows
us to bound the entanglement between Alice and Bob using Renyi entropies and also to bound the
underlying Hilbert space dimension. Second, when the Hilbert space dimension bound is tight, the
shared pure quantum state has to be maximally entangled. Third, the second characterization gives
a sufficient condition that a Bell correlation cannot be generated by particular quantum states. We
also show that our results can be generalized to the case of shared mixed states.
Introduction.—In the study of quantum physics, fre-
quently the internal workings of a quantum device are
not exactly known. For example, it is often the case that
we do not have sufficient knowledge of the internal phys-
ical structure, or the precision of the quantum controls is
very limited, or even the devices we are using cannot be
trusted. In these cases, it could be that the only reliable
information available is the measurement statistics from
observing the quantum system. However, sometimes we
still want to draw nontrivial conclusions on the quan-
tum properties of the involved system. This sounds like
a challenging, or even impossible task, but it has been
shown to be possible in many cases [1–14]. These kinds
of tasks are called device-independent as their application
assumes only the correctness of quantum mechanics as a
valid description of nature, and is independent of the in-
ternal workings of the devices used. Device-independence
is a very valuable property in physical implementations
of various quantum schemes. Typical examples of its use-
fulness include the transmission of information safely us-
ing untrusted devices, and easy monitoring of the overall
performance of vulnerable quantum devices [11–14].
We consider in this paper the setting of a Bell experi-
ment, i.e., two spatially separated parties sharing a quan-
tum state and performing local measurements on their
subsystems. The corresponding statistics of the mea-
surement outcomes is called a Bell correlation. It has
been shown that the dimension and the entanglement
of the underlying quantum state can be quantified in a
device-independent way using only the Bell correlation
data [5, 8–10]. In fact, some quantum states can even be
pinned down completely by their violations of particular
Bell inequalities, but this is only known to be possible
for some special cases [1–4, 15–17].
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In a Bell experiment, suppose a correlation is gener-
ated by measuring the shared quantum state ρ. We of-
ten hope the dimension of ρ is as small as possible due
to the fact that quantum dimensionality is a precious re-
source. Interestingly, for an arbitrary Bell correlation, it
is known that this quantum state with minimal dimen-
sion can always be pure [9]. Conveniently, a pure state
can be described using its Schmidt decomposition, where
the Schmidt coefficients completely capture its quantum
properties.
In this paper, we give two device-independent charac-
terizations of the Schmidt coefficients of the state used
in a general Bell experiment. In particular, these charac-
terizations are independent of any Bell inequalities and
are very easy to calculate using only the correlation data.
We show that these characterizations enjoy various ap-
plications in many device-independent tasks. Concern-
ing the first characterization, we provide examples for
which it is tight and where the shared pure quantum
states are actually pinned down completely. Second, we
show that it implies lower bounds on both the dimension
and the amount of entanglement of the underlying quan-
tum state, which are device-independent tasks that have
drawn much attention recently [5, 8, 9]. We then show
that the second characterization allows us to exclude the
pure state that can produce a given Bell correlation from
being particular states. We also show that both of the
characterizations can be generalized to the case of shared
mixed quantum states, where Schmidt coefficients are re-
placed by eigenvalues of the reduced density matrices of
the two parties.
Scenario.—In a Bell scenario, the two separated par-
ties, Alice and Bob, share a pure quantum state |ψ〉
acting on Cd ⊗ Cd. They each have a local measure-
ment apparatus, and can choose different settings to mea-
sure their respective subsystems. We denote the sets of
the measurement settings of Alice and Bob by X and
Y respectively. For any x ∈ X , the measurement x
2FIG. 1. Characterizing the quantum state in a Bell experi-
ment with unknown internal workings.
is described as a local positive-operator valued measure
(POVM) {Mxa : a ∈ A}, and similarly, any measurement
y ∈ Y is described as a POVM {Nyb : b ∈ B}, where
A and B are the sets of the measurement outcomes of
Alice and Bob respectively, as illustrated in Fig.1. A
Bell correlation p is the collection of the joint conditional
probabilities p(ab|xy) Alice and Bob observe, i.e.,
p(ab|xy) = 〈ψ|Mxa ⊗Nyb|ψ〉. (1)
Up to local change of bases, |ψ〉 can be Schmidt de-
composed into the computational basis as
|ψ〉 =
d∑
k=1
√
λk|k〉|k〉, (2)
where the Schmidt coefficients (λ1, . . . , λd) are nonneg-
ative. Define D ≡ diag{√λ1,
√
λ2, ...,
√
λd}. It can be
shown that
p(ab|xy) = Tr(Mxa ·DN∗ybD) = Tr(DMxaD ·N∗yb), (3)
p(a|x) =
∑
b
p(ab|xy) = Tr(DMxaD), (4)
p(b|y) =
∑
a
p(ab|xy) = Tr(DN∗ybD), (5)
where S∗ denotes the complex conjugate of the matrix S.
A characterization of the Schmidt coefficients.—For
fixed y and b, if p(b|y) 6= 0, define the quantum state
ρyb ≡ 1
p(b|y)DN
∗
ybD, (6)
and notice that the probability that measurement x out-
puts a, when applied to ρyb, is given by
p(ab|xy)
p(b|y) .
Now we want to estimate the distances between these
quantum states. For this, we utilize the fact that when
two quantum states are measured by the same measure-
ment, the fidelity between two quantum states ρ and σ,
defined by F(ρ, σ) := ‖√ρ√σ‖1, is upper bounded by
that between the probability distributions of measure-
ment outcomes [18]. Thus, for any x ∈ X , y1, y2 ∈ Y ,
and b1, b2 ∈ B, if p(b1|y1) > 0 and p(b2|y2) > 0,
F(ρy1b1 , ρy2b2) ≤
∑
a
√
p(ab1|xy1)
p(b1|y1)
·
p(ab2|xy2)
p(b2|y2)
,
which means that
F(ρy1b1 , ρy2b2) ≤ min
x
∑
a
√
p(ab1|xy1)
p(b1|y1)
·
p(ab2|xy2)
p(b2|y2)
. (7)
Combining this with the fact that Tr(ρσ) ≤ F(ρ, σ)2 for
any quantum states ρ and σ, we obtain that
Tr(ρy1b1ρy2b2) ≤ min
x
(∑
a
√
p(ab1|xy1)
p(b1|y1) ·
p(ab2|xy2)
p(b2|y2)
)2
.
Recalling the definition of ρyb, we have
Tr(N∗y1b1D
2
N
∗
y2b2
D
2) ≤ min
x
(∑
a
√
p(ab1|xy1)p(ab2|xy2)
)2
,
(8)
which is also true when p(b1|y1) = 0 or p(b2|y2) = 0.
On the other hand, for any y ∈ Y it holds that∑
bDN
∗
ybD = D
2 as {N∗yb : b ∈ B} is a POVM. Thus,
for any y1, y2 ∈ Y , we have that
d∑
i=1
λ2i = Tr(D
4) =
∑
b1,b2
Tr(N∗y1b1D
2N∗y2b2D
2). (9)
Combining (8) and (9), we obtain that
∑
i λ
2
i is upper
bounded by
min
y1,y2
∑
b1,b2
min
x
(∑
a
√
p(ab1|xy1)p(ab2|xy2)
)2
. (10)
Note that we could have regarded {Nyb} as a measure-
ment and DM∗xaD/p(a|x) as a quantum state to view the
correlation data. In this case, by repeating the discussion
above we conclude that
∑
i λ
2
i is also upper bounded by
min
x1,x2
∑
a1,a2
min
y
(∑
b
√
p(a1b|x1y)p(a2b|x2y)
)2
. (11)
Therefore, we have the following characterization for the
Schmidt coefficients.
Theorem 1. If a Bell correlation p can be generated by
the state |ψ〉 with Schmidt coefficients (λ1, . . . , λd), then
d∑
i=1
λ2i ≤ min{f1(p), f2(p)}, (12)
where f1(p) and f2(p) denote the values given in (10) and
(11), respectively.
We now remark on Theorem 1. First, note that in the
discussion above, the dimension of the pure state can be
arbitrary, thus (12) is valid for any pure state that gener-
ates p, not just one of a particular dimension. For exam-
ple, suppose |ψ〉 is a quantum state generating some Bell
correlation. We can replace it with |ψ〉 ⊗ |Φ〉 to produce
the same correlation, where |Φ〉 is a redundant EPR pair
3shared by Alice and Bob. It is easy to verify that for this
new quantum state, the sum of squares of the Schmidt
coefficients has decreased, which makes the bound (12)
looser. Therefore, Theorem 1 tends to provide a more
meaningful result when the dimension of the underlying
system is close to minimal. We illustrate this in a later
example. This also proves that one cannot hope to find
a lower bound on
∑
i λ
2
i as a function of only the corre-
lation data.
Second, we now consider the case when Alice and Bob
share a mixed state ρ. In this case, we can bound the
purity of ρA or ρB, where ρA ≡ TrB(ρ) and ρB ≡ TrA(ρ).
The purity of a quantum state ρ is defined as Tr(ρ2)
(see [18]), and Tr(ρ2A) is precisely
∑d
i=1 λ
2
i in the case of
the pure state (2). To see how to bound the purity of
ρA, suppose Bob introduces a third subsystem C on his
side to purify ρ to be |ψ〉ABC . Then by performing an
isometry, he maps his subsystem to a smaller one with
the same dimension as that of Alice (seen to be possible
by viewing its Schmidt decomposition). Next, he adjusts
the measurements he uses by the same isometry. Then
it can be verified that Alice and Bob now have a Bell
experiment that generates the same correlation as before,
where they share a pure quantum state on Cd ⊗ Cd for
some d. Note that Alice’s reduced density matrix remains
unchanged in the whole process, and its eigenvalues are
exactly the Schmidt coefficients of the new pure state.
Therefore Theorem 1 gives an upper bound for the purity
of ρA. Later we discuss how this allows us to estimate
the entanglement of formation of ρ.
Several tight examples.—To show that the bound (12)
can be tight, we first consider an example in which A =
B = X = Y = {0, 1} and the correlation p is given by
p(ab|xy) =
{
(2 +
√
2)/8, if a⊕ b = xy,
(2−√2)/8, if a⊕ b 6= xy, (13)
where ⊕ denotes the logical XOR of two bits. This corre-
lation corresponds to the optimal strategy for the CHSH
game [22] and can be generated by the maximally en-
tangled state in C2 ⊗ C2. From (12) we can see that∑d
i=1 λ
2
i ≤ 1/2, which is tight.
For a second example, we now apply our bound to an
extreme point of the no-signaling polytope in the setting
|X | = |Y | = |A| = |B| = 3 (see Table III of [23]). We find
that f1(p) = 0 (seen by choosing y1 = 0, y2 = 2). Thus,
λi = 0 for every i, implying no finite-dimensional quan-
tum state exists which generates this correlation. Thus,
we can certify the non-quantumness of particular corre-
lations.
As the last example, we set X = Y = {1, 2, 3} and
A = B = {0, 1}3 and consider the correlation
p(ab|xy)=


1/8, if ay = bx, a has even parity,
and b has odd parity,
0, otherwise.
(14)
This correlation is optimal for the Magic Square
Game [25–27], and can be generated if Alice and Bob
share the maximally entangled state in C4 ⊗ C4.
We now ask the question whether it is possible to gen-
erate this correlation with any other pure state of the
same dimension. The answer is no, and we can prove
this using Theorem 1. By straightforward calculation, it
can be shown that the right side of (12) for this case is
1/4, which again is tight. Moreover, for a pure state on
C4⊗C4, the minimum value of∑i λ2i is 1/4, and it can be
achieved only by a maximally entangled state. Therefore,
in this case, Theorem 1 certifies that the pure quantum
state on C4 ⊗ C4 that can generate (14) is unique up to
local unitary transformations. Actually, even if we al-
low the shared state to be mixed, it has been shown in
a recent work [17] that the state must still be maximally
entangled on C4 ⊗ C4. These results are useful in the
line of research known as self-testing [1–4]. Note that a
similar analysis can be applied to the correlation (13).
Relation to device-independent dimension test.—
Device-independent lower bounds on the dimension of
a quantum state used in a Bell setting is a very inter-
esting problem that has attracted much attention re-
cently [5, 9]. Recall that for any Bell correlation, a
quantum state with the minimal size that produces this
correlation can always be pure [9]. In our notation, if
|ψ〉 ∈ Cd ⊗ Cd generates the correlation p, we would like
to lower bound d using only the correlation data. Noting
that d ≥ 1/(∑di=1 λ2i ) is valid for any pure state, (12)
immediately implies the two lower bounds for the under-
lying Hilbert space dimension(
min
y1,y2
( ∑
b1,b2
min
x
∑
a
√
p(ab1|xy1)p(ab2|xy2)
)2)−1
, (15)
(
min
x1,x2
( ∑
a1,a2
min
y
∑
b
√
p(a1b|x1y)p(a2b|x2y)
)
2
)
−1
, (16)
recovering the main result in Ref. [9]. However, these
lower bounds on the dimension do not imply our result
Theorem 1.
Quantification of entanglement.—Since quantum prop-
erties of a bipartite pure quantum state are captured
completely by the Schmidt coefficients, our bound (12)
can be used to characterize other properties as well in
a device-independent manner. As a natural application,
we now consider quantifying the amount of entanglement
shared by Alice and Bob.
For this, we first recall that the generalized Renyi en-
tanglement entropies of a mixed state ρ are defined as
Sn(ρ) ≡ 1
1− n log
(
Tr(ρn)
)
, (17)
where n > 0 is a real number. It can be shown that Sn
is a non-increasing function in n which, as n approaches
1, converges onto the well-known von Neumann entropy
S(ρ) ≡ −Tr(ρ log(ρ)). (18)
As a result, S2(ρ) is a natural lower bound for the von
Neumann entropy S(ρ). Revisiting Theorem 1, if a pure
state generates a correlation p, it is clear that we can
4bound S2(ρA), where ρA is Alice’s reduced density ma-
trix, as
S(ρA) ≥ S2(ρA) ≥ − log
(
min{f1(p), f2(p)}
)
. (19)
Note again that a lower bound on the dimension does
not directly imply any lower bounds on the entropy. On
the other hand, for a fixed Bell correlation p, there does
not exist a general upper bound on S(ρA) since Alice
and Bob can always carry redundant EPR pairs and still
generate the same correlation.
As an example, we now use (19) to consider the I3322
Bell inequality [19], which is quite interesting as numer-
ical evidence suggests that to violate this Bell inequal-
ity maximally, infinite-dimensional Hilbert spaces are re-
quired [20]. By applying (19) to a Bell correlation pro-
duced by a quantum state in C49⊗C49 that approximates
the maximal violation given in Ref.[20], we obtain that
the von Neumann entanglement entropy needed to pro-
duce this correlation from a shared pure state is at least
0.67.
Since in practical experiments quantum states are of-
ten mixed, we next briefly discuss the case when the
shared state ρ is unknown but assumed to be close to
pure, i.e., that Tr(ρ2) > 1 − η, where η is a small pos-
itive number. Note that with this assumption, it is not
completely device-independent any longer. However, this
is still a realistic setting due to the remarkable improve-
ments in quantum experimentation in recent years. We
now show that our results allow us to estimate the entan-
glement of formation of ρ, denoted by Ef (ρ) and defined
to be
Ef (ρ) ≡ min
∑
i
piS(ρi), (20)
where the minimum is taken over all ensembles {pi, |αi〉}
generating ρ, and ρi = TrB(|αi〉〈αi|). Suppose an orthog-
onal decomposition of ρ is ρ =
∑k
i=1 ak|ψi〉〈ψi|, where
ai ≥ aj for i < j. Then it can be shown that
a1 ≥ 1
2
+
√
1
2
(
1
2
− η
)
≈ 1− 1
2
η. (21)
Thus the distance between ρ and |ψ1〉〈ψ1| is small. Also,
we have Tr(ρ2A1) ≤ 1a2
1
Tr(ρ2A), where ρA = TrB(ρ) and
ρA1 = TrB(|ψ1〉〈ψ1|). Combining this fact with the up-
per bound for Tr(ρ2A) mentioned above, one can lower
bound the entanglement entropy of |ψ1〉〈ψ1|, which is
also its entanglement of formation Ef (|ψ1〉〈ψ1|). Lastly,
according to the continuous property of the entanglement
of formation [21], it holds that
|Ef (ρ)−Ef (|ψ1〉〈ψ1|)| ≤
√
2η(9 log(d)− log(2η)). (22)
This way one can obtain a lower bound for Ef (ρ).
The smallest Schmidt coefficient.—In this section, we
give another necessary condition that the set of Schmidt
coefficients must satisfy. Suppose we define λmin as the
least nonzero Schmidt coefficient of the pure state that
generates a correlation p. We now show that it can be up-
per bounded in a device-independent manner by a func-
tion of the correlation data.
Using the isometry argument mentioned before, we can
assume without loss of generality that the number of
nonzero Schmidt coefficients is d, i.e., the shared pure
state |ψ〉 ∈ Cd ⊗ Cd has full Schmidt rank. Note that
for any positive semidefinite matrices A and B, we have
that Tr(AB) ≤ Tr(A)Tr(B). Then using (3), we have
p(ab|xy) ≤ Tr(Mxa) · p(b|y), (23)
p(ab|xy) ≤ Tr(Nyb) · p(a|x). (24)
By (4) and (5) we have
Tr(Mxa) ≤ p(a|x)
λmin
and Tr(Nyb) ≤ p(b|y)
λmin
. (25)
Considering that these inequalities are valid for any
choice of parameters, we obtain the following theorem.
Theorem 2. If a Bell correlation p can be generated by
the state |ψ〉 with least nonzero Schmidt coefficient λmin,
it holds that
λmin ≤ min
x,y,a,b
p(a|x)p(b|y)
p(ab|xy) . (26)
We now comment on how Theorem 2 can be tight.
As an example, consider the BB84 correlation defined
as p(ab|xy) = 1+abδxy4 [28], where a, b, x, y ∈ {−1, 1}.
This Bell correlation can be generated by the maximally
entangled state in C2 ⊗ C2. A quick calculation of (26)
shows that λmin ≤ 1/2, which is tight.
Again, if Alice and Bob share a mixed state ρ, Theo-
rem 2 can be used to upper bound the minimum nonzero
eigenvalues of ρA and ρB.
One may ask whether we can lower bound the greatest
Schmidt coefficient based only on the correlation data.
It turns out that it is not possible. Again, for any Bell
experiment, if Alice and Bob introduce a redundant pure
state, the greatest Schmidt coefficient can become arbi-
trarily small while still generating the same correlation.
Above we have seen examples where pure states of cer-
tain dimensions which generate particular Bell correla-
tions have to be maximal entangled. We now use Theo-
rem 2, in the opposite manner, to show that a correlation
cannot be generated using a particular state, again un-
der dimension assumptions. For this, suppose that p is
generated by |ψ〉 ∈ Cd ⊗ Cd. Then if (26) certifies that
λmin < 1/d, we can conclude that, independent of the
local measurements Alice and Bob may apply, |ψ〉 can-
not be maximally entangled. In other words, p cannot
be reproduced by any maximally entangled state of local
dimension up to d. Of course, this can be used to rule
out other states as well, depending on the dimension and
bound on λmin.
We now illustrate this with a concrete example. Sup-
pose Alice and Bob fix some choice of measurements
x and y, and each measurement has three outcomes
5{1, 2, 3}. We specify some of the probabilities in a possi-
ble correlation p below:
 1/10 1/100 1/1001/100 ∗ ∗
1/100 ∗ ∗

 ,
where the (a, b)-entry is p(ab|xy), and the asterisks rep-
resent unspecified probabilities. According to Ref. [24],
the minimum size of quantum state that can gener-
ate such a partial correlation p has local dimension at
most 3. Meanwhile, it can be verified using (26) that
λmin ≤ 18/125, which is strictly less than 1/3. There-
fore, it is clear that any pure state in C3 ⊗ C3 which
generates p cannot be maximally entangled. In fact, we
would require a maximally entangled state to have lo-
cal dimension of at least 7 to generate p. Furthermore,
if we restrict to a state in C2 ⊗ C2, then such a cor-
relation cannot be generated by any state of the form√
a|00〉+√1− a|11〉 where a ∈ (18/125, 107/125).
Conclusions.—For an arbitrary Bell correlation pro-
duced by locally measuring a bipartite pure quantum
state, we have given two characterizations for its Schmidt
coefficients, which can be generalized to the case of
shared mixed states. Also, we showed that they have
various applications in many device-independent quan-
tum processing tasks. Since our bounds only involve
simple functions of the Bell correlation data, they are
quite robust against errors in statistical data, making
them usable in practical quantum tasks. We hope these
results will lead to more nontrivial applications in quan-
tum physics and quantum information theory, and par-
ticularly, we hope the entanglement quantification appli-
cation can be helpful in future quantum experiments.
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